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X

A = {(x, μA(x)) : x ∈ X} X A

x μA(x)

(HFS)



X

[ , ] X h X

A = {< x, hA(x) >| x ∈ X},

x ∈ X [ , ] hA(x)

(HFE) hA(x) A ⊂ X

X = {x , x , x }
hA(x ) = { , , } hA(x ) = { , } hA(x ) = { , , }

A A xi(i = , , )

A = {< x , { , , } >,< x , { , } >,< x , { , , }}.

X x

O∗ h(x) =

E∗ h(x) = { }

h(x) ∈ [ , ]

U∗



h(x) = ∅
∗

X h X

h [ , ]

γ ∈ [ , ]

γ [ , ] γ ∈ [ , ]

γ = [γ, γ]

γ =

h h h



h−(x) = minh(x)

h+(x) = maxh(x)

hc = ∪γ∈h{ − γ}

h ∪ h = {h ∈ h ∪ h |h ≥ max(h−, h−)}

h ∩ h = {h ∈ h ∪ h |h ≥ min(h+, h+)}

h ∪ h = ∪γ ∈h ,γ ∈h max{γ , γ }

h ∩ h = ∪γ ∈h ,γ ∈h min{γ , γ }

λ h h h

hλ = ∪γ∈h{γλ}

λh = ∪γ∈h{ − ( − γ)λ}

h ⊕ h = ∪γ ∈h ,γ ∈h {γ + γ − γ γ }

h ⊗ h = ∪γ ∈h ,γ ∈h {γ γ }

hj(j = , , ..., n)

⊕n
j= hj = ∪γj∈hj

{ −∏n
j= ( − γj)}

⊗n
j= hj = ∪γj∈hj

{∏n
j= γj}



hj lhj

h h

lh ⊕h = lh × lh , lh ⊗h = lh × lh ,

n

l⊕n
j= hj

=

n∏
j=

lhj
, l⊗n

j= hj
=

n∏
j=

lhj
.

h = { , } h = { , , }

h ⊕ h = ∪γ ∈h ,γ ∈h {γ + γ − γ γ }
= { + − × ,− + − × , +

− × , + − × , + − × ,

+ − × } = { , , , , , }.

h ⊗ h = ∪γ ∈h ,γ ∈h {γ γ }
{ × , × , × , × , × , × }
= { , , , , , }



lh ⊕h = = × = lh × lh ,

lh ⊗h = = × = lh × lh .

h h h

( )h 	h = ∪γ ∈h ,γ ∈h {t},

t =

⎧⎨⎩
γ −γ
−γ γ ≥ γ , γ 
= ,

, .

( )h �h = ∪γ ∈h ,γ ∈h {t},

t =

⎧⎨⎩
γ
γ γ ≤ γ , γ 
= ,

, .



h h

( )(h 	 h )⊕ h = h , γ ≥ γ , γ 
= .

( )(h � h )⊗ h = h , γ ≤ γ , γ 
= .

λ > h h

( )λ(h 	 h ) = λh 	 λh , γ ≥ γ , γ 
= .

( )(h � h )λ = hλ∅hλ, γ ≤ γ , γ 
= .

h = ∪γ∈h{γ}
λ ≥ λ >

( )λ h	 λ h = (λ − λ )h, γ 
= .

( )hλ � hλ = h(λ −λ ), γ 
= .

h h

( ) hc 	 hc = (h � h )c.

( ) hc � hc = (h 	 h )c.

h = { , } h = { , }

h 	 h = { −
− ,

−
− ,

−
− ,

−
− } = { , , , }



hc = { , } hc = { , }

hc � hc = { , , , } = { , , , }

(h − h )c = { − , − , − , − } = { , , , }

(h − h )c = hc � hc

h

s(h) =
lh

∑
γ∈h

γ

h lh h

h > h s(h ) > s(h ) h h

h = h s(h ) = s(h )



h = { , } h = { , , }

s(h ) =
+ +

= ,

s(h ) =
+

= .

h h s(h ) = s(h )

h h h

h

h

v (h) =
lh

√ ∑
γi,γj∈h

(γi − γj)

h v (h) h lh h

h < h v (h ) > v (h ) h h

h = h v (h ) = v (h )



v (h ) =

√
+ +

= ,

v (h ) =

√
= .

h < h h h v (h ) > v (h )

v (h) =
lh(lh − )

√ ∑
γi,γj∈h

(γi − γj)

v (h) h

v (h) =

√
lh

∑
γ∈h

(γ − s(h))

vq(h)(q = , , ) s(h)

h < h s(h ) < s(h )

s(h ) = s(h )

h > h vq(h ) < vq(h )

h = h vq(h ) = vq(h )



h < h v(h ) > v(h ) h h

s(h ) = s(h ) h = h v(h ) = v(h )

[ , ]

(IV HFS)

D[ , ] X

X [ , ]

Ã = {< x, h̃A(x) > |x ∈ X}.

h̃A(x) : X −→ D[ , ]

h̃A(x) A ⊂ X x ∈ X

(IV HFE)

h̃A(x) = {γ̃|γ̃ ∈ h̃A(x)}.



γ̃U = sup γ̃ γ̃L = inf γ̃ γ̃ = [γ̃L, γ̃U ]

γ̃

X = {x , x }
h̃A(x ) = {[ , ], [ , ], [ , ]} h̃A(x ) = {[ , ], [ , ]}

Ã Ã ⊂ X xi(i = , )

Ã = {< x , {[ , ], [ , ]} >,< x , {[ , ], [ , ], [ , ]} >}.

x ∈ X Õ∗ = {< x, h̃o(x) > |x ∈ X}
h̃o(x) = {[ , ]}

x ∈ X Ẽ∗ = {< x, h̃∗(x) > |x ∈ X}
h̃∗(x) = {[ , ]}



Ũ∗ = {< x, h̃(x) > |x ∈ X}
h̃(x) = {[ , ]} x ∈ X

x ∈ X ∅̃
∗ = {< x, h̃(x) > |x ∈ X}

h̃(x) = ∅

h̃ h̃ h̃

( ) h̃c = {[ − γ̃U , − γ̃L]|γ̃ ∈ h̃}.
( ) h̃ ∪ h̃ = {[max(γ̃L, γ̃L),max(γ̃U , γ̃U )]|γ̃ ∈ h̃ , γ̃ ∈ h̃ }.
( ) h̃ ∩ h̃ = {[min(γ̃L, γ̃L),min(γ̃U , γ̃U )]|γ̃ ∈ h̃ , γ̃ ∈ h̃ }.
( ) h̃λ = {[(γ̃L)λ, (γ̃U )λ]|γ̃ ∈ h̃}, λ > .

( ) λh̃ = {[ − ( − γ̃L)λ, − ( − γ̃U )λ]|γ̃ ∈ h̃}, λ > .

( ) h̃ ⊕ h̃ = {[γ̃L + γ̃L − γ̃L.γ̃L, γ̃U + γ̃U − γ̃U .γ̃U ]|γ̃ ∈ h̃ , γ̃ ∈ h̃ }.
( ) h̃ ⊗ h̃ = {[γ̃L.γ̃L, γ̃U .γ̃U ]|γ̃ ∈ h̃ , γ̃ ∈ h̃ }.

h̃ = {[ , ], [ , ], [ , ]} h̃ = {[ , ]}
λ = h̃ = {[ , ], [ , ]}

( ) h̃c = {[ − γ̃U , − γ̃L]|γ̃ ∈ h̃ }
= {[ − , − ], [ − , − ]} = {[ , ], [ , ]}.



( ) h̃ ∪ h̃ = {[max(γ̃L, γ̃L),max(γ̃U , γ̃U )]|γ̃ ∈ h̃ , γ̃ ∈ h̃ }
= {[max( , ),max( , )], [max( , ),max( , )],

[max( , ),max( , )]}
= {[ , ], [ , ], [ , ]}.

( ) h̃ ∩ h̃ = {[min(γ̃L, γ̃L),min(γ̃U , γ̃U )]|γ̃ ∈ h̃ , γ̃ ∈ h̃ }
= {[min( , ),min( , )], [min( , ),min( , )],

[min( , ),min( , )]}
= {[ , ], [ , ]}.

( ) h̃ ⊕ h̃ = {[γ̃L + γ̃L − γ̃L.γ̃L, γ̃U + γ̃U − γ̃U .γ̃U ]|γ̃ ∈ h̃ , γ̃ ∈ h̃ }
= {[ + − × , + − × ], [ +

− × , + − × ],

[ + − × , + − × ]}
= {[ , ], [ , ], [ , ]}.

( ) h̃ ⊗ h̃ = {[γ̃L.γ̃L, γ̃U .γ̃U ]|γ̃ ∈ h̃ , γ̃ ∈ h̃ }
= {[ × , × ], [ × , × ], [ × ,

× ]} = {[ , ], [ , ], [ , ]}.



( ) h̃ = {[ − ( − γ̃L) , − ( − γ̃U ) ]|γ̃ ∈ h̃ }
= {[ − ( − ) , − ( − ) ], [ − ( − ) , − ( − ) ]}
= {[ , ], [ , ]}.

( ) h̃ = {[(γ̃L) , (γ̃U ) ]|γ̃ ∈ h̃− },
= {[( ) , ( ) ], [ ) , ( ) ]} = {[ , ], [ , ]}.

λ, λ , λ > h̃

( ) h̃ ∪ h̃ = h̃, h̃ ∩ h̃ = h̃.

( ) h̃ ∪ h̃o = h̃, h̃ ∩ h̃o = h̃o.

( ) h̃ ∪ h̃∗ = h̃∗, h̃ ∩ h̃∗ = h̃.

( ) h̃⊕ h̃o = h̃, h̃⊗ h̃o = h̃o.

( ) h̃⊕ h̃∗ = h̃∗, h̃⊗ h̃∗ = h̃.

( ) λh̃o = h̃o, λh̃∗ = h̃∗.

( ) (h̃o)λ = h̃o, (h̃∗)λ = h̃∗.

( ) (h̃λ )λ = (h̃λ )λ = h̃λ λ , λ (λ h̃) = λ (λ h̃) = (λ λ )h̃.

h̃ h̃ h̃



( ) h̃ ∪ h̃ = h̃ ∪ h̃ .

( ) h̃ ∩ h̃ = h̃ ∩ h̃ .

( ) h̃ ∪ (h̃ ∪ h̃ ) = (h̃ ∪ h̃ ) ∪ h̃ .

( ) h̃ ∩ (h̃ ∩ h̃ ) = (h̃ ∩ h̃ ) ∩ h̃ .

( ) h̃ ⊕ (h̃ ⊕ h̃ ) = (h̃ ⊕ h̃ )⊕ h̃ .

( ) h̃ ⊗ (h̃ ⊗ h̃ ) = (h̃ ⊗ h̃ )⊗ h̃ .

( ) h̃ ∩ (h̃ ∪ h̃ ) = (h̃ ∩ h̃ ) ∪ (h̃ ∩ h̃ ).

( ) h̃ ∪ (h̃ ∩ h̃ ) = (h̃ ∪ h̃ ) ∩ (h̃ ∪ h̃ ).

λ > h̃ h̃

( ) λ(h̃ ∪ h̃ ) = λh̃ ∪ λh̃ .

( ) λ(h̃ ∩ h̃ ) = λh̃ ∩ λh̃ .

( ) (h̃ ∪ h̃ )λ = h̃λ ∪ h̃λ.

( ) (h̃ ∩ h̃ )λ = h̃λ ∩ h̃λ.

h̃ h̃ h̃



( ) h̃ ⊕ h̃ = h̃ ⊕ h̃ .

( ) h̃ ⊗ h̃ = h̃ ⊗ h̃ .

( ) λ(h̃ ⊕ h̃ ) = λh̃ ⊕ λh̃ , λ > .

( ) (h̃ ⊗ h̃ )λ = h̃λ ⊗ h̃λ, λ > .

( ) λ h̃⊕ λ h̃ = (λ + λ )h̃, λ , λ > .

( ) h̃λ ⊗ h̃λ = h̃(λ +λ ), λ , λ > .

h̃ h̃ h̃

( ) h̃c ∪ h̃c = (h̃ ∩ h̃ )c.

( ) h̃c ∩ h̃c = (h̃ ∪ h̃ )c.

( ) (h̃c)λ = (λh̃)c.

( ) λ(h̃c) = (h̃λ)c.

( ) h̃c ⊕ h̃c = (h̃ ⊗ h̃ )c.

( ) h̃c ⊗ h̃c = (h̃ ⊕ h̃ )c.

[̃bL, b̃U ] [ãL, ãU ]



λ ≥

( ) ã = b̃⇐⇒ ãL = b̃L and ãU = b̃U .

( ) ã+ b̃ = [ãL + b̃L, ãU + b̃U ].

( ) λã = [λãL, λãU ].

l̃
b
= b̃U − b̃L lã = ãU − ãL [̃bL, b̃U ] [ãL, ãU ]

ã ≥ b̃

p(ã ≥ b̃) = max{ −max(
b̃U − ãL

lã + l̃
b

, ), }.

h̃

s(h̃) =
l
˜h

∑
γ̃∈˜h

γ̃

s(h̃) h̃ l
˜h

h̃

s(h̃ ) ≥ s(h̃ ) h̃ h̃ [ , ]

h̃ ≥ h̃



X

X D (DHFS)

D = {< x, hA(x), gA(x) > |x ∈ X}

gA(x) hA(x) [ , ] gA(x) hA(x)

x ∈ X

A ⊂ X

≤ γ, η ≤ , ≤ γ+ + η+ ≤ ,

x ∈ X

γ ∈ hA(x), γ+ ∈ h+(x) = ∪γ∈hA(x)max{γ},
η ∈ gA(x), η+ ∈ g+(x) = ∪η∈gA(x)max{η},

(DHFE) dA(x) = (hA(x), gA(x))

d = (h, g)

d = ({ }, { })

d = ({ }, { })



d = [ , ]

g = ∅ h = ∅ d = ∅

η γ g h d 
= ∅

γ + η <

h γ + η = η γ g h

g = ∅

h 
= ∅ g = ∅

η− ∈ g− = ∪η∈g(x)min{η} γ− ∈ h− = ∪γ∈h(x)min{γ}
η+ γ+

g h

h = [γ−, γ+], g = [η−, η+].

d 
= ∅ d



dc =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(∪η∈g{η},∪γ∈h{γ}), ifg 
= ∅ and h 
= ∅

(∪γ∈h{ − γ}, {∅}), ifg = ∅ and h 
= ∅

({∅},∪η∈g{ − η}), ifh = ∅ and g 
= ∅

(dc)c

g h d d

h+ = ∪γ∈hmax{γ} h− = ∪γ∈hmin{γ} g+ g− h+ h−

g+ = ∪η∈g max{η} g− = ∪η∈g min{η}

d d

( ) d ∪ d =

({h ∈ (h ∪ h )|h ≥ max(h−, h−)}, {g ∈ (g ∩ g )|g ≤ min(g+, g+)}).
( ) d ∩ d =

({h ∈ (h ∩ h )|h ≤ min(h+, h+)}, {g ∈ (g ∪ g )|g ≥ max(g−, g−)}).

d = ({ , }, { , , }) d = ({ , , }, { , })



( ) dc = ({ , }, { , , }.
( ) d ∪ d = ({ , , , }, { , , , }).
( ) d ∩ d = ({ , , , , }, { , , }).

n d d

( ) d ⊕ d = (hd ⊕ hd , gd ⊗ gd )

= (∪γd ∈hd ,γd ∈hd
{γd + γd − γd γd },∪ηd ∈gd ,ηd ∈gd {ηd ηd }).

( ) d ⊗ d = (hd ⊗ hd , gd ⊕ gd )

= (∪γd ∈hd ,γd ∈hd
{γd γd },∪ηd ∈gd ,ηd ∈gd {ηd + ηd − ηd ηd }).

( ) nd = (∪γd∈hd
{ − ( − γd)

n},∪ηg∈gd{(ηd)n}).

( ) dn = (∪γd∈hd
{(γd)n},∪ηg∈gd{ − ( − ηd)

n}).

d d d



λ ≥

( ) d ⊕ d = d ⊕ d .

( ) d ⊗ d = d ⊗ d .

( ) λ(d ⊗ d ) = λd ⊗ λd .

( ) (d ⊕ d )λ = dλ ⊗ dλ.

d = {h, g}

s(d) =
lh

∑
γ∈h

γ −
lg

∑
η∈g

η,

d

p(d) =
lh

∑
γ∈h

γ +
lg

∑
η∈g

η,

g h lg lh d

d d

d � d d d s(d ) > s(d )

s(d ) = s(d )

d ∼ d d d d(d ) = p(d )



d � d d d p(d ) > p(d )

d = ({ , }, { , }) d = ({ , }, { , })
s(d ) = s(d ) =

d � d p(d )( ) > p(d )(= )






