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L

L



E A E

E A+

A+ = {〈x, μA(x), νA(x)
〉∣∣x ∈ E},

νA : E → [ , ] μA : E → [ , ]

≤ μA(x) + νA(x) ≤ x ∈ E

x, y, z ≤

x ≤ x

x = y y ≤ x x ≤ y

x ≤ z y ≤ z x ≤ y

L

L = (L,≤L, , )

A : E → L E A

L = (L,≤L, , )

T : L× L→ L



T ( , x) = x

T (x, y) = T (y, x)

T (x, T (y, z)) = T (T (x, y), z)

T (w, y) ≤ T (x, z) y ≤ z w ≤ x

T [ , ] L

L = (L,≤L, , )

S : L× L→ L

S( , x) = x

S(x, y) = S(y, x)

S(x, S(y, z)) = S(S(x, y), z)

S(w, y) ≤ S(x, z) y ≤ z w ≤ x

S [ , ] L

L E

N : L → L

ν μ A = {(x, μ(x), ν(x))|x ∈ E}
μ(x) ≤ N(ν(x)) x ∈ E ν : E → L μ : E → L



A = (Q,X, δ, q , F ),

Q

X

P (Q) δ : Q ×X → P (Q)

Q

q ∈ Q

F ⊆ Q

F̃ = (Q,X,R,Z, δ, ω),

Q = {q , q , ..., qn} Q

X = {a , a , ..., am} X



R

Z = {b , b , ..., bk} Z

δ : Q×X ×Q→ [ , ]

ω : Q→ Z

[ , ]

F̃

F̃ = (Q,X,R,Z, δ, ω)

Q = {q , q , ..., q }

X = { , }

R = {q }, μt (q ) =

Z = { }

δ : Q×X ×Q→ ( , ],

ω : Q→ Z





F̃

q

δ(q , , q ) = δ(q , , q ) =

t q μt
q = { , }

μt
q = { , , } μt

q = { , , }

F̃ = (Q,X, R̃, Z, δ̃, ω, F , F )

Q = {q , q , ..., qn} Q

X = {a , a , ..., am} X



R̃ ⊆ P̃ (Q) R̃

Z = {b , b , ..., bk} Z

δ̃ : (Q× [ , ])×X ×Q→ [ , ]

ω : Q→ Z

F : [ , ] × [ , ] → [ , ]

δ μ F (μ, δ)

δ μ

ak qj qi

μt+ (qj) = δ̃((qi, μ
t(qi)), ak, qj) = F (μt(qi), δ(qi, ak, qj)),

F t+ qj

F t qi

F

≤ F (μ, δ) ≤

F ( , ) = , F ( , ) =

F : [ , ]∗ → [ , ]

qj F F

t+ qj



δ(qi, ak, qj) F

νi μt(qi)

νi = δ̃((qi, μ
t(qi)), ak, qj) = F (μt(qi), δ(qi, ak, qj)),

F F

qj

μt+ (qj) = {F }ni= [υj ] = {F }ni= [F (μt(qi), δ(qi, ak, qj))],

t+ qj

ak qj qi δ(qi, ak, qj)

t qi μt(qi)

Qact(ti) Δ F̃

Qact(t ) = R̃ i ≥ ti

Qact(ti) i ≥

Qact(ti) = {(q, μti(q))
∣∣∃q′ ∈ Qact(ti− ), ∃a ∈ X, δ(q′, a, q) ∈ Δ}.

Qact(ti)



Qact(ti)

F̃ = (Q,X, R̃, Z, δ̃, ω, F , F )

F̃ ∗ = (Q,X, R̃, Z, δ̃∗, ω, F , F ),

Qact = Qact(t ) ∪Qact(t ) ∪ ... δ̃∗ : Qact ×X∗ ×Q→ [ , ]

δ̃∗ i =

δ̃∗((q, μti(q)),Λ, p) =

⎧⎪⎨
⎪⎩ ,

δ̃∗ ui ∈ X i ≥

δ̃∗((q, μt (q)), u u ...un, p)

= ∨{δ̃((q, μt (q)), u , p ) ∧ δ̃((p , μt (p )), u , p ) ∧ ...

∧ δ̃((pn− , μtn− (pn− )), un, p)
∣∣

p ∈ Qact(t ), p ∈ Qact(t ), ..., pn− ∈ Qact(tn− )}.

L = (L,≤L, T, S, , ),



S T

A ≤L B A <L B A,B ∈ L

B ≤L A A ≥L B A �= B

≥ ≤ < ≥L ≤L <L

F̃

F̃ = (Q,X, R̃, Z, δ̃, ω̃, F , F , F , F )

Q

X = {a , a , ..., am} X

R̃

R̃ = {(q, μt (q), νt (q))
∣∣q ∈ R},

Q R

Z = {b , b , ..., bl} Z

δ̃ : (Q× L× L)×X ×Q→ L× L

ω̃ : (Q× L× L)× Z → L× L

F T : L × L → L F = (F T , FS)

FS : L× L → L

F T



F T : L× L→ L F = (F T , FS)

F T FS : L× L → L

FST : L∗ → L F = (F TS , FST )

F TS : L∗ → L

FST

FST : L∗ → L F = (F TS , FST )

F TS : L∗ → L

FST

μt (q) = q /∈ R̃ q ∈ Q

μt (q) > q ∈ R̃ νt (q) =

F̃ = (Q,X, R̃, Z, δ̃, ω̃, F , F , F , F )

max−min

F̃ ∗ = (Q, X, R̃, Z, δ̃∗, ω̃, F , F , F , F )

Qact = Qact(t )∪Qact(t )∪Qact(t )∪... δ̃∗ : Qact×X∗×Q→ L×L
i ≥

δ̃∗((q, μti(q), νti(q)),Λ, p) =

⎧⎪⎨
⎪⎩ ,

δ̃∗((q, μti(q), νti(q)),Λ, p) =

⎧⎪⎨
⎪⎩ .



X+ i ≥

δ̃∗((q, μti(q), νti(q)), ui+ , p) = δ̃ ((q, μti(q), νti(q)), ui+ , p),

δ̃∗((q, μti(q), νti(q)), ui+ , p) = δ̃ ((q, μti(q), νti(q)), ui+ , p),

δ̃∗((q, μt (q), νt (q)), u u ...un, p)

= ∨{δ̃ ((q, μt (q), νt (q)), u , p ) ∧ δ̃ ((p , μt (p ), νt (p )), u , p ) ∧ ...

∧ δ̃ ((pn− , μtn− (pn− ), νtn− (pn− )), un, p)∣∣p ∈ Qact(t ), ..., pn− ∈ Qact(tn− )},

δ̃∗((q, μt (q), νt (q)), u u ...un, p)

= ∧{δ̃ ((q, μt (q), νt (q)), u , p ) ∨ δ̃ ((p , μt (p ), νt (p )), u , p ) ∨ ...

∨ δ̃ ((pn− , μtn− (pn− ), νtn− (pn− )), un, p)∣∣p ∈ Qact(t ), ..., pn− ∈ Qact(tn− )},

F̃ ∗ = (Q,X, R̃, Z, δ̃, ω̃, F , F , F , F )

X = {a} Q = {q , q , q }



Z = {c, d} R̃ = {(q , , )}

. F T (μ, δ ) = min(μ, δ ), FS(ν, δ ) = max(ν, δ ),

F T (μ, ω ) = min(μ, ω ), FS(ν, ω ) = max(ν, ω ),

μt+ (qm) = ∨n
i= (F T (μt(qi), δ (qi, ak, qm))),

νt+ (qm) = ∧n
i= (FS(νt(qi), δ (qi, ak, qm))),

ωt(q) = ∨l
i= (F T (μt(q), ω (q, bi))),

ωt(q) = ∧l
i= (FS(νt(q), ω (q, bi))).

. F T (μ, δ ) = μ.δ , FS(ν, δ ) = ν + δ − ν.δ ,

F T (μ, ω ) = μ.ω , FS(ν, ω ) = ν + ω − ν.ω ,

μt+ (qm) = ∨n
i= (F T (μt(qi), δ (qi, ak, qm))),

νt+ (qm) = ∧n
i= (FS(νt(qi), δ (qi, ak, qm))),

ωt(q) = ∨l
i= (F T (μt(q), ω (q, bi))),

ωt(q) = ∧l
i= (FS(νt(q), ω (q, bi))).



Sp Tp

t qm l t qm

μt (q ) = F T (μt (q ), δ (q , a, q )) = ,

μt (q ) = F T (μt (q ), δ (q , a, q )) = ,

μt (q ) = F T (μt (q ), δ (q , a, q )) = ,

νt (q ) = FS(νt (q ), δ (q , a, q )) ∧ FS(νt (q ), δ (q , a, q ))

∧ FS(νt (q ), δ (q , a, q )) = ∧ ∧ = ,

νt (q ) = FS(νt (q ), δ (q , a, q )) ∧ FS(νt (q ), δ (q , a, q ))

∧ FS(νt (q ), δ (q , a, q )) = ∧ ∧ = ,

νt (q ) = FS(νt (q ), δ (q , a, q )) ∧ FS(νt (q ), δ (q , a, q ))

∧ FS(νt (q ), δ (q , a, q )) = ∧ ∧ = ,

ωt (q ) = F T (μt (q ), ω (q , d)) = ,

ωt (q ) = ,

ωt (q ) = ,

ωt (q ) = F T (μt (q ), ω (q , d)) = ,

ωt (q ) = F T (μt (q ), ω (q , c)) = ,

ωt (q ) = F T (μt (q ), ω (q , d)) = ,

ωt (q ) = FS(νt (q ), ω (q , d)) = ,

ωt (q ) = FS(νt (q ), ω (q , c)) ∧ FS(νt (q ), ω (q , d)) = ∧ = ,

ωt (q ) = FS(νt (q ), ω (q , c)) ∧ FS(νt (q ), ω (q , d)) = ∧ = ,



ωt (q ) = FS(νt (q ), ω (q , d)) = ,

ωt (q ) = FS(νt (q ), ω (q , c)) ∧ FS(νt (q ), ω (q , d)) = ∧ = ,

ωt (q ) = FS(νt (q ), ω (q , c)) ∧ FS(νt (q ), ω (q , d)) = ∧ = .

F̃ ∗

p ∈ Q a ∈ X q ∈ Q (α, β) F̃ ∗

δ (q, a, p) < β δ (q, a, p) > α

x ∈ X∗ p ∈ R̃ (α, β) q ∈ Q

δ̃∗((p, μt (p), νt (p)), x, q) > α, δ̃∗((p, μt (p), νt (p)), x, q) < β,

(α, β) q q ∈ Q (α, β) F̃ ∗

p ∈ R̃ F̃ ∗

p ∈ Q a ∈ X q ∈ Q μt (p ) >

δ (q, a, p) <

L = (L,≤, T, S, , )

N(b) = a N(a) = b N( ) = N( ) = L = { , a, b, c, d, e, f, }
N(f) = e N(e) = f N(d) = c N(c) = d

F̃ ∗ = (Q,X, R̃, Z, δ̃∗, ω̃, F , F , F , F )

(α, β)

(α, β)



R̃ = {(q , , )} X = {u, v} Q = {q , q , q , q }
δ : Q×X ×Q→ L× L Z = {o}

δ(q , u, q ) = (a, ) δ(q , v, q ) = (a, b),

δ(q , u, q ) = ( , ) δ(q , v, q ) = (c, ),

ω : Q×Z → L×L δ(q, x, q′) = ( , ) (q, x, q′) ∈ Q×X×Q

(q, e) ∈ Q × Z ω(q , o) = ( , )

(f, β) ( , α) q ω(q, e) = ( , )

q β ∈ {a, b, c, d, e, f} α ∈ {a, b, c, d, e, f, }
(f, ) q (f, d) ( , )

α ≤ N(β) (α, β) ∈ L F̃ ∗ f � N( ) =

(α, β) (α, β)



F̃ ∗

δ̃∗((p, μt (p), νt (p)), x, q) ∧ δ̃∗((p, μt (p), νt (p)), x, q′) > α,

δ̃∗((p, μt (p), νt (p)), x, r) ∨ δ̃∗((p, μt (p), νt (p)), x, r′) < β,

x ∈ X∗ q, q′, r, r′ ∈ Q q = q′ = r = r′

x = Λ

δ̃ ((p, μt (p), νt (p)),Λ, q) ∧ δ̃ ((p, μt (p), νt (p)),Λ, q′) > α,

δ̃ ((p, μt (p), νt (p)),Λ, r) ∨ δ̃ ((p, μt (p), νt (p)),Λ, r′) < β,

x = Λ p = q′ = q = r = r′

|x| = |x| x /∈ Λ x ∈ X∗

δ̃ ((p, μt (p), νt (p)), x, q) = F T (μt (p), δ (p, x, q)) > α,



δ̃ ((p, μt (p), νt (p)), x, q′) = F T (μt (p), δ (p, x, q′)) > α,

δ̃ ((p, μt (p), νt (p)), x, r) = FS(νt (p), δ (p, x, r)) < β,

δ̃ ((p, μt (p), νt (p)), x, r′) = FS(νt (p), δ (p, x, r′)) < β.

δ (p, x, r) ∨ δ (p, x, r′) < β δ (p, x, q) ∧ δ (p, x, q′) > α

δ (p, x, q) ∨ δ (p, x, q′) < N(α) ≤ δ (p, x, q) ∧ δ (p, x, q′) > α

q = q′ = r = r′

x = ya n > |y| = n − y ∈ X∗

|y| = n− a ∈ X y ∈ X∗

δ̃∗((p, μt (p), νt (p)), x, q) = ∨{δ̃∗((p, μt (p), νt (p)), y, p′)

∧ δ̃ ((p′, μt +n− (p′), νt +n− (p′)), a, q)
∣∣p′ ∈ Q} > α,

δ̃∗((p, μt (p), νt (p)), x, q′) = ∨{δ̃∗((p, μt (p), νt (p)), y, p′)

∧ δ̃ ((p′, μt +n− (p′), νt +n− (p′)), a, q′)
∣∣p′ ∈ Q} > α.

d, d′ ∈ Q

∨{δ̃∗((p, μt (p), νt (p)), y, p′) ∧ δ̃ ((p′, μt +n− (p′), νt +n− (p′)), a, q)
∣∣p′ ∈ Q}

= δ̃∗((p, μt (p), νt (p)), y, d) ∧ δ̃ ((d, μt +n− (d), νt +n− (d)), a, q) > α,



∨{δ̃∗((p, μt (p), νt (p)), y, p′) ∧ δ̃ ((p′, μt +n− (p′), νt +n− (p′)), a, q′)
∣∣p′ ∈ Q}

= δ̃∗((p, μt (p), νt (p)), y, d′) ∧ δ̃ ((d′, μt +n− (d′), νt +n− (d′)), a, q′) > α.

s, s′ ∈ Q

δ̃∗((p, μt (p), νt (p)), x, r)

= ∧{δ̃∗((p, μt (p), νt (p)), y, p′) ∨ δ̃ ((p′, μt +n− (p′), νt +n− (p′)), a, r)
∣∣p′ ∈ Q}

= δ̃∗((p, μt (p), νt (p)), y, s) ∨ δ̃ ((s, μt +n− (s), νt +n− (s)), a, r) < β,

δ̃∗((p, μt (p), νt (p)), x, r′)

= ∧{δ̃∗((p, μt (p), νt (p)), y, p′) ∨ δ̃ ((p′, μt +n− (p′), νt +n− (p′)), a, r′)
∣∣p′ ∈ Q}

= δ̃∗((p, μt (p), νt (p)), y, s′) ∨ δ̃ ((s′, μt +n− (s′), νt +n− (s′)), a, r′) < β.

s = s′ = d = d′

δ̃ ((d, μt +n− (d), νt +n− (d)), a, q) ∧ δ̃ ((d, μt +n− (d), νt +n− (d)), a, q′) > α,

δ̃ ((s, μt +n− (s), νt +n− (s)), a, r) ∨ δ̃ ((s, μt +n− (s), νt +n− (s)), a, r′) < β,

δ (s, a, r) ∨ δ (s, a, r′) < β δ (d, a, q) ∧ δ (d, a, q′) > α

� q = q′ = r = r′

F̃ ∗ (α, β) F̃ ∗



X∗

Lα,β(F̃ ∗) = {x ∈ X∗∣∣δ̃∗((p, μt (p), νt (p)), x, q)

∧ ω̃ ((q, μt +|x|(q), νt +|x|(q)), b) > α,

δ̃∗((p, μt (p), νt (p)), x, q)

∨ ω̃ ((q, μt +|x|(q), νt +|x|(q)), b′) < β,

p ∈ R̃, q ∈ Q, b, b′ ∈ Z}.

X∗ L X

F̃ ∗ (α, β)

L = Lα,β(F̃ ∗)

F̃ ∗c (α, β) F̃ ∗

Lα,β(F̃ ∗) = Lα,β(F̃ ∗c)

(α, β) F̃ ∗ = (Q,X, R̃, Z, δ̃∗, ω̃, F , F , F , F )

Q t Qc = Q ∪ {t}
γ ≤L N(η) η <L β γ >L α γ, η ∈ L

(α, β) (α, β)

(α, β)

F̃ ∗ = (Q,X, R̃, Z, δ̃∗, ω̃, F , F , F , F ) (α, β)

X = {a , a , ..., am} Q = {q , q , ..., qn}

i =

i ≤ n j =



T = {q∣∣δ (qi, aj , q) >L α} j ≤ m

i = i+

j = j + δc(qi, aj , t) = η δc(qi, aj , t) = γ T = ∅

j = j + δ (qi, aj , q) <L β q ∈ T

T = T − {q}

δc(p, a, q) = δ (p, a, q) a ∈ X p, q ∈ Q

δc(t, a, t) = γ a ∈ X δc(p, a, q) = δ (p, a, q)

δc(t, a, t) = η

Qc = Q ∪ {t}

ωc(p, b) =

⎧⎪⎨
⎪⎩
ω (p, b) p �= t

p = t

,

ωc(p, b) =

⎧⎪⎨
⎪⎩
ω (p, b) p �= t

p = t

.

F̃ ∗c = (Qc, X, R̃, Z, δ̃∗c, ω̃c, F , F , F , F )

F̃ ∗c = (Qc, X, R̃, Z, δ̃∗c, ω̃c, F , F , F , F )

Lα,β(F̃ ∗) ⊆ Lα,β(F̃ ∗c) (α, β)

b, b′ ∈ Z q ∈ Qc p ∈ R̃ x = u u ...uk+ ∈ Lα,β(F̃ ∗c)

δ̃∗c((p, μt (p), νt (p)), x, q) ∧ ω̃c((q, μt +|x|(q), νt +|x|(q)), b) >L α,



δ̃∗c((p, μt (p), νt (p)), x, q) ∨ ω̃c((q, μt +|x|(q), νt +|x|(q)), b′) <L β.

p , p , ..., pk, p
′ , p′ , ..., p′k ∈ Q q ∈ Q

δ̃c((p, μt (p), νt (p)), u , p ) ∧ ... ∧ δ̃c((pk, μ
t +|x|(pk), νt +|x|(pk)), uk, q) >L α,

δ̃c((p, μt (p), νt (p)), u , p′ ) ∨ ... ∨ δ̃c((p′k, μ
t +|x|(p′k), ν

t +|x|(p′k)), uk, q) <L β.

μt (p) >L α, δc(p, u , p ) >L α

≤ j ≤ k pj δc(p , u , p ) >L α, ..., δc(pk, uk, q) >L α

δ (pj , uj , pj+ ) δc(pj , uj , pj+ ) >L α

pj+ = pj+ = ... = q = t pj+ = t

δ̃∗((p, μt (p), νt (p)), x, q) ∧ ω̃ ((q, μt +|x|(q), νt +|x|(q)), b) >L α.

δ̃∗((p, μt (p), νt (p)), x, q) ∨ ω̃ ((q, μt +|x|(q), νt +|x|(q)), b′) <L β.

�

R̃ �= ∅ F̃ ∗

Lα,β(F̃ ∗) = Lα,β(F̃ ∗d ) F̃ ∗d



x ∈ X∗

Ix = {q′ ∈ Q
∣∣∃p ∈ R̃ δ̃∗((p, μt (p), νt (p)), x, q′) > α

δ̃∗((p, μt (p), νt (p)), x, q′) < β}.

Qd = {Ix
∣∣x ∈ X∗} IΛ = {q′ ∈ Q

∣∣q′ ∈ R̃}
δd : Qd ×X ×Qd → L× L

δd (Iy, a, Ix) =

⎧⎪⎨
⎪⎩
γ Ix = Iya

,

δd (Iy, a, Ix) =

⎧⎪⎨
⎪⎩
η Ix = Iya

,

ωd : Qd × Zd → L× L

ωd (Ix, e) =

⎧⎪⎨
⎪⎩
γ x ∈ Lα,β(F̃ ∗)

,

ωd (Ix, e) =

⎧⎪⎨
⎪⎩
η x ∈ Lα,β(F̃ ∗)

,

γ ≤LN(η ) γ ≤ N(η ) η ∨ η < β γ ∧ γ > α γ , η , γ , η ∈ L

νt (IΛ)=∧{νt (q)
∣∣q ∈ IΛ} μt (IΛ)=∨{μt (q)

∣∣q ∈ IΛ}
F̃ ∗d = (Qd, X, IΛ, Zd, δ̃

∗
d, ω̃d, F , F , F , F ) Zd = {e}



ωd δd

b, b′ ∈ Z p ∈ Q q ∈ R̃ x ∈ Lα,β(F̃ ∗) e ∈ Zd Ix = Iy

δ̃∗((q, μt (q), νt (q)), x, p) ∧ ω̃ ((p, μt +|x|(p), νt +|x|(p)), b) > α,

δ̃∗((q, μt (q), νt (q)), x, p) ∨ ω̃ ((p, μt +|x|(p), νt +|x|(p)), b′) < β.

q ∈ R̃ p ∈ Ix = Iy

δ̃∗((q, μt (q), νt (q)), y, p) > α δ̃∗((q, μt (q), νt (q)), y, p) < β.

y ∈ Lα,β(F̃ ∗) ω (p, b) < β ω (p, b) > α

ωd(Ix, e) = ωd(Iy, e) x ∈ Lα, β(F̃ ∗) y ∈ Lα, β(F̃ ∗)

μt (IΛ) > μt (q) > q ∈ R̃

Lα,β(F̃ ∗) = Lα,β(F̃ ∗d ) F̃ ∗d
b, b′ ∈ Z p ∈ Q q ∈ R̃ x = u u ...uk+ ∈ Lα,β(F̃ ∗)

δ̃∗((q, μt (q), νt (q)), x, p) ∧ ω̃ ((p, μt +|x|(p), νt +|x|(p)), b) > α,

δ̃∗((q, μt (q), νt (q)), x, p) ∨ ω̃ ((p, μt +|x|(p), νt +|x|(p)), b′) < β.



δ̃∗((q, μt (q), νt (q)), u ...uk+ , p) > α,

δ̃∗((q, μt (q), νt (q)), u ...uk+ , p) < β,

νt (IΛ) < β μt (IΛ) > α μt (q) > α, νt (q) < β

δ̃∗d ((IΛ, μ
t (IΛ), ν

t (IΛ)), u , Iu ) = F T (μt (IΛ), δd (IΛ, u , Iu )) ≥ α,

μt (Iu ) ≥ α

δ̃d ((Iu , μt (Iu ), νt (Iu )), u , Iu u ) = F T (μt (Iu ), δd (Iu , u , Iu u )) ≥ α.

δ̃∗d ((IΛ, μ
t (IΛ), ν

t (IΛ)), x, Ix) ≥ α.

δ̃∗d ((IΛ, μ
t (IΛ), ν

t (IΛ)), u , Iu ) = FS(νt (IΛ), δd (IΛ, u , Iu )) ≤ β,

δ̃d ((Iu , μt (Iu ), νt (Iu )), u , Iu u ) ≤ β νt (Iu ) ≤ β

δ̃∗d ((IΛ,μ
t (IΛ),ν

t (IΛ)), x, Ix)≤ β

x ∈ Lα,β(F̃ ∗d ) ωd (Ix, e) = η ωd (Ix, e) = γ

x ∈ Lα,β(F̃ ∗d )

δ̃∗d ((IΛ, μ
t (IΛ), ν

t (IΛ)), x, Ix)∧ ω̃d ((Ix, μ
t +|x|(Ix), νt +|x|(Ix)), e) > α,



δ̃∗d ((IΛ, μ
t (IΛ), ν

t (IΛ)), x, Ix)∨ ω̃d ((Ix, μ
t +|x|(Ix), νt +|x|(Ix)), e) < β.

ωd (Ix, e) < β ωd (Ix, e) > α

� x ∈ Lα,β(F̃ ∗)

(α, β) R̃ �= ∅ F̃ ∗

Lα,β(F̃ ∗) = Lα,β(F̃ ∗a ) F̃ ∗a

F̃ ∗

R̃a = S = {q ∈ Q
∣∣ (α, β) q }

ωa = ω|S×Z δa = δ|S×X×S Za = Z {(q, μt (q), νt (q))
∣∣q ∈ S|R̃}

S × Z ω ωa S × X × S δ δa

(α, β) F̃ ∗a

Lα,β(F̃ ∗a ) ⊆ Lα,β(F̃ ∗) F̃a = (S,X, R̃a, Z, δ̃a, ω̃a, F , F , F , F )

b ∈ Z p ∈ Q q ∈ R̃ x = u u ...uk+ ∈ Lα,β(F̃ ∗)

δ̃∗((q, μt (q), νt (q)), x, p) ∧ ω̃ ((p, μt +|x|(p), νt +|x|(p)), b) > α,

δ̃∗((q, μt (q), νt (q)), x, p) ∨ ω̃ ((p, μt +|x|(p), νt +|x|(p)), b′) < β.



p , p , ..., pk, p
′ , p′ , ..., p′k ∈ Q

δ̃∗((q, μt (q), νt (q)), u , p ) ∧ ... ∧ δ̃∗((pk, μtk(pk), ν
tk(pk)), uk+ , p) > α,

δ̃∗((q, μt (q), νt (q)), u , p′ ) ∨ ... ∨ δ̃∗((p′k, μ
tk(p′k), ν

tk(p′k)), uk+ , p) < β.

p = p′ , p = p′ , ..., pk = p′k F̃ ∗ q ∈ R̃a

p , p , ..., pk, p ∈ S

δ̃∗a ((q, μt (q), νt (q)), x, p) ∧ ω̃a ((p, μt +|x|(p), νt +|x|(p)), b) > α,

δ̃∗a ((q, μt (q), νt (q)), x, p) ∨ ω̃a ((p, μt +|x|(p), νt +|x|(p)), b′) < β.

Lα,β(F̃ ∗) ⊆ Lα,β(F̃ ∗a ) x ∈ Lα,β(F̃ ∗a )

�

(L,∧,∨, ∗,→, , )



, ∧,∨, ∗,→

(L,∧,∨, , )

(L, ∗, )

x ∗ y ≤ z x≤y→z → ∗
x, y, z ∈ L

x ∧ y = x ∗ (x→ y)

(x→ y) ∨ (y → x) =

(P (Q), ∗,→,∩,∪, ∅, Q) Q

Q P (Q)

L = (L,∨,∧, , )

F̃ = (Q,X, R̃, Z, δ̃, ω, F , F ),

(P (Q),⊆,∩,∪, ∅, Q)

F̃l = (Q̄,X, R̃ = ({q }, μt ({q })), Z̄, ωl, δl, fl, δ̃l, F , F ),

Q Q̄ Q Q̄ = P (Q)

X



R̃

Z Z̄ Z̄

ωl(Qi) = {ω(q)
∣∣q ∈ Qi} ωl : Q̄→ Z̄

Qi, Qj ∈ P (Q) δl : Q̄ ×X × Q̄ → L

a ∈ X

δl({p}, a, {q}) = δ(p, a, q),

δl(Qi, a,Qj) = ∨qi∈Qi,qj∈Qjδ(qi, a, qj),

fl : Q̄×X → Q̄

fl(Qi, a) = ∪qi∈Qi{qj
∣∣δ(qi, a, qj) ∈ Δ},

δ̃l : (Q̄× L)×X × Q̄→ L

δ̃l((Qi, μ
t(Qi)), a,Qj) = F (μt(Qi), δl(Qi, a,Qj)),

F : L× L→ L

F : L∗ → L

L=(L,≤,T, S, , )
F̃ = (Q,X, δ̃, R̃, Z, ω, F , F )

Z = {z , z } X = {σ} R̃ = {(q , )} Q = {q , q }



ω(q ) = z = ω(q )

δ(q , σ, q ) = a, δ(q , σ, q ) = b,

δ(q , σ, q ) = c, δ(q , σ, q ) = e.

F̃

F̃l = (Q̄,X, R̃ = ({q }, μt ({q })), Z̄, ωl, δl, fl, δ̃l, F , F ),

Q̄ = {∅, {q }, {q }, {q , q }}

Z̄ = {∅, {z }, {z }, {z , z }},

ωl({q }) = ωl({q }) = ωl({q , q }) = {z },



fl({q }, σ) = fl({q }, σ) = fl({q , q }, σ) = {q , q }

δl({q }, σ, {q }) = a, δl({q }, σ, {q }) = b,

δl({q }, σ, {q , q }) = b, δl({q }, σ, {q }) = c,

δl({q }, σ, {q }) = e, δl({q }, σ, {q , q }) = e,

δl({q , q }, σ, {q }) = c, δl({q , q }, σ, {q }) = e,

δl({q , q }, σ, {q , q }) = e.

F̃l








